APPROXIMATE CONVERSE THEOREM 

"(Sf I MIN LEE 

o 

p^j ■ Abstract. We present an approximate converse theorem which 

5_! | measures how close a given set of irreducible admissible unrami- 

fied unitary generic local representations of GL(n) is to a genuine 
cuspidal representation. To get a formula for the measure, we in- 
troduce a quasi-Maass form on the generalized upper half plane for 

jj^. \ a given set of local representations. We also construct an annihi- 

lating operator which enables us to write down an explicit cuspidal 
automorphic function. 

+-> 

1. Introduction 

The spectral theory of non-holomorphic automorphic forms for the 
Poincare upper half plane H 2 = {z e C | Iia(z) > 0} began with Maass 
p, ', in 1949. It is a highly non-trivial problem to show that there exist in- 

finitely many Maass forms of the Laplacian for L 2 (SL(2, Z)\H 2 ). The 
existence of infinitely many Maass forms for SL(2, Z) was first proved 
*sO . by Selberg [20] in 1956. He introduced the trace formula as a tool to 

frj | obtain Weyl's law, which gives an asymptotic count for the number 

of Maass forms with Laplacian eigenvalue |A| < X as X — > go. Sel- 
berg's method was extended by Miller [TB] to obtain Weyl's law for 
Maass forms for SL(3,Z). In 2004, Miiller [19] further extended Sel- 
berg's method to obtain Weyl's law for Maass forms for the congruence 
rS | subgroups T < SL(n, Z), n ^ 2. 

d • Up to now, no one has found a single explicit example of a Maass 

form for SL(n, Z), with n 5= 2, although Maass [16] discovered some 
examples for congruence subgroups T < SL(2, Z) of finite index by 
using Hecke L-functions. In the 1970's a number of authors considered 
the problem of computing Maass forms for SL(2, Z) numerically. The 
first notable algorithms for computing Maass forms on SL(2, Z)\H 2 are 
due to Stark [2T] and Hejhal [9]. In 2006, Booker, Strombergsson and 
Venkatesh [3] computed the Laplace and many Hecke eigenvalues for 
the first few Maass forms on PSL(2, Z)\H 2 to over 1000 decimal places, 
based on Hejhal's algorithm. Moreover, they suggested a method of 
how to check the numerical computation rigorously and verified that 
Laplacian eigenvalues were correct up to 100 decimal places. 
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Recently, Lindenstrauss and Venkatesh [13] obtained Weyl's law for 
spherical cusp forms on G(Z)\G(lR)/i ; C 00 where G is a split semisimple 
group over Q and K^ c G is the maximal compact subgroup. In the 
Appendix [13], they explained a short constructive proof of the exis- 
tence of cusp forms using Whittaker functions. This proof does not 
give Weyl's law, but it gives a very explicit method for constructing 
cuspidal functions, which was used in [3]. Moreover, this constructive 
method can be used to attack the following "approximate converse" 
problem suggested by Peter Sarnak, at the conference in 2008 on An- 
alytic number theory in higher rank groups: 

Given a positive number X , a set S of places and a representation tx v 
of GL(n, Q v ) for v e S, give an algorithm to determine whether or not 
there is a global automorphic representation a whose analytic conductor 
is at most X and whose local component at v is within e- distance from 
7i - v for each place v e S . 

The main goal of this paper is to suggest the approximate converse 
theorem (Theorem 11.131) as an answer to this question for globally 
unramified cuspidal automorphic representations of GL(n,A) where A 
denotes the ring of adeles over Q. 

1.1. Quasi-Maass forms and the annihilating operator. Let n ^ 

2 be an integer. For a place v < oo, let tt v be an irreducible admis- 
sible unramified unitary generic representation of Q)*\GL(n, Q v ). Let 
L(s,tc v ) be the local L-function attached to tt v . Then there is the as- 
sociated Satake (or Langlands) parameter £ nv = (£ nv ,i, ■ ■ ■ ,&n v ,n) e C n 
with £ nv)1 + • • • + £ nv<n = such that 

\-^f\T ( s -±^i) , if v = oo 

1 n -l 

J J (l — £r%j~ s ) , if v = p < oo 

. i=i 

for seC. 

For v = p a finite prime, we have 

L(s,tt p ) = (1 - A«(4>- s + • • • + (-1)^')(4>- JS + • • • + (-l)V" 

where 

(1.2) A^(4J = Y p-^.n+-+^.r i ). 



(1.1) L(s,n v ) 






For v = oo the infinity prime, we have the Whittaker function 
Wj(z;£ noo , +1) of type £ no0 in (1231) for zel"s SL(n,R)/SO(n,R), 
the generalized upper half plane. It is a solution of differential equations 
given by Casimir operators Cn in ( 12. 5ft with eigenvalues A« (4m) G C 
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for j = 1 , . . . , n — 1 in (12. 7p . The Casimir operators generate the center 
of the universal enveloping algebra of the Lie algebra of GL(n,M.). In 

particular A n = — Cn denotes the Laplacian and 



An(4J := -A«(4J = ^r- -7— ^r (Ci + • • • + 



is the corresponding eigenvalue. The Whittaker functions were con- 
structed by Jacquet [TTJ. 

The goal of this paper is to suggest a method to compare a set of 
local representations and a global cuspidal representation. In order to 
compare sets of local representations, we should define a "distance" 
between them. Roughly speaking, the "distance" can be defined by 
the difference between the coefficients of local L-functions. 

For M a set of places of Q (including go), let 

IT M := {ir v | v 6 M) 

where each tt v is an irreducible admissible unitary unramified generic 
representation of Q*\GL(n, Q v ). 

Definition 1.3 (Distances between sets of local representa- 
tions). Let M and M' be sets of places of Q including go and Um, 
U' M , as above. Let S c M n M' be a finite subset including go. Define 
the distance between Um and U' M , for S to be 

(1.4) 

d s (U M ,W M/ ) 



n-l 



2 |Ag } (4j - A^(4'jf + S E WK) - a?(4 ; : 

finite 



for 7r„ e LTa/ and n' v e W M , . 

We use the quasi-mode construction [3J for a given set of local rep- 
resentations Um to construct an automorphic function. 

For any non-negative integers fci, . . . , fc n _i, let Sk u ...,kn-i(xi, • • • , x n ) 
be a Schur polynomial as in ( 12.171) . For tc p e Um for a prime p, define 
A Um (p kl , ■ ■ ■ ,p kn ~ 1 ) := 3] ei) ... )kn _ 1 {jpr tl ^- 1 , . . . ,p~^"). For any positive 
integers mi, ... , m n _i, we construct An M (mi, . . . , m n _i) satisfying 

A Uu (mi, ■ ■ ■ ,m n -i)-A IlMl (rri 1 , . . ^m^) = 4 M (mimi, • • • ,m n - 1 m' n _- i 

if ?7i i • • • m n _i and m[ ■ ■ ■ rn' n _ l are relative prime to each other. Set 
^4n M ( m i; ■ ■ ■ i m n-i) = if there exists a prime q $ M such that q \ 
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By combining Wj(*] £ noc , + 1), the Whittaker function of type £ noo , 
and complex numbers An M (mi, • • • > m n-i) for mi, ... , m n _ 1 e Z, we 
construct a function for z e HP, which is essentially a Whittaker- Fourier 
expansion. 

Definition 1.5 (Quasi-Maass form). Let M be a set of places over 

Q including go. For z e HP, define 



;i.6) 



ft„(3 



2 



2-2 2 



4 M (mi,...,m n _i) 



M\~ l / J / J / J / J -, k(n — k) 

fc=1 |mA.| 2 
/ /mi- • •m n _ 2 |m n _i| \ \ 



x W/ 



J 



V 



mi 



\ 



' 1 ,.* m "-i 

v k-i 



V 



TTien i*n M is called a quasi-Maass form of U 



M- 



A quasi-Maass form Fu M is a function on HP which lies in the re- 
stricted tensor product of local representations ir v e IIm- By definition, 
we can easily observe that Fn M is an eigenf unction of the Casimir oper- 



*0") 



vO") 



ators C„ with eigenvalues AjJ (Arc) f° r ^oo e n M , for j = 1, . . . , n — 1. 
It is also an eigenfunction of the Hecke operators. In particular, for 
each p e M, the A P J (i^ ) for 7r p e U. M are eigenvalues of Fjj m of Hecke 

operators T p for j = 1, . . . , [|J given in Definition 12. 191 

A Hecke-Maass form is a smooth function in L 2 (SL(n, Z)\HP) which 
is an eigenfunction of the Casimir operators and the Hecke operators 
simultaneously. Every Hecke-Maass form is a quasi-Maass form but 
not vice versa. For an arbitrary set of local representations, the quasi- 
Maass form usually is not automorphic for SL(n, Z). Fix a fundamental 
domain $ n = SX(n, Z)\HP (described in Remark 12. 27j) . and define the 
automorphic lifting of the quasi-Maass form as follows. 

Definition 1.7 (Automorphic lifting). Define an automorphic lift- 
ing 

Fu M (z) := F Uu (jz), 

for any z e HP and a unique 7 e SL(n, Z) such that jz e $ n . 
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Let 



'U 



r 



u 



■yeSL(n-l,Z), 

c l.---. c n-l eZ 



/ 



v° 



1 



C\ 



\ 



Cn-1 

1 



r, 



then Fn M (z) = Fjj u (z) for z e $ n . The function Fu M is automorphic 
for SL(n, Z) and square-integrable. But it is neither smooth nor cusp- 
idal in general. To construct a cuspidal function from -Fh M , we use an 
operator whose image is cuspidal, defined in [13] . 

The approach in [13] is based on the observation that there are strong 
relations between the spectrum of the Eisenstein series at different 
places. From this observation, a convolution operator was constructed, 
which annihilates the spectrum of the Eisenstein series. So the image of 
the operator is purely cuspidal. This convolution operator was used to 
obtain Weyl's law [13] and also was used to give a short and elementary 
proof which shows the existence of infinitely many Maass forms. 

For PSL(2, Z)\H 2 , this operator was given explicitly in [13] and it 
was used in [3] to check the numerical computation rigorously. For n ^ 
3, although the operator was defined in a more general case, it is quite 
complicated and it is not easy to describe this operator explicitly. In 
this paper, we give an explicit construction of the convolution operator 
whose image is purely cuspidal. The construction goes as follows. 

Fix a prime p. For j = 1, 2, set £j = (£j,i, ■ ■ ■ , £j, n ) e C n , £^1 + • • • + 
£j >n = 0. Let 



;i.9) 



Y\ Yl (i_ p -^i.ii+-+^i,i h )-(*wi+-+*«,i fc )) 



k—l l^ii<---<«fe^n l^j'i<-<j'(;<n 



In Lemma 12.221 we use a Paley- Wiener type theorem [10] for tj™ and 
define the annihilating operator t|~ to be a certain polynomial in convo- 
lution operators and Hecke operators at a prime p. Then quasi-Maass 
forms are eigenf unctions of the operator tj^. For a given set of local rep- 



resentation U-m, we have tlp-Ffij, 



(4oo) O • F U M for TToo, 7T p e II 



M- 



As in 1131 . we prove the following theorem. 
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Theorem 1.10. The space of the image of the annihilating opera- 
tor t|" on smooth functions in L 2 (SL(n, Z)\H n ) is cuspidal and infi- 
nite dimensional. So there are infinitely many Hecke-Maass forms in 
L 2 (SL(n, Z)\HP) which are not self-dual. 

We apply the annihilating operator \\™ to Fjj m to construct a non- 
trivial cuspidal function. Since tj™ is a polynomial in convolution oper- 
ators associated to some compactly supported distributions, we need 
to make the function Fjj m to be smooth. 

For any g e SL(n,M.), by Polar decomposition, there exist £1,^2 e 
SO(n,R) and (01, . . . ,a n ) e R n , a\ + ■ ■ ■ + a n = such that g = 

/ e a i \ 

£1 I •. ) £2- As in [12], we define a polar height cr(g) ^ to be 



(1.11) cr(g) := J a\ + ■ ■ ■ + a 2 n , for any g e SL(n, M). 

Then a{g' 1 ) = a(g) and a{g x g 2 ) < a{gi) + cr(g 2 ) for any g u g 2 e 
SL(n,M). For any 5 > 0, define 

(1.12) B s := {g e SL(n,R) \ a(g) < 8} . 

For 5 > 0, let H $ be a standard bump function with swpp(Hg) a B&. 
Then Fu M * H§(g) = $ SI / nR \ Fn M (gh~ 1 )Hs(h) dh is a smooth function. 

By LemmaESQl if < £< In f nfc+Sl (^ =1 ^j + ! ^f ±i |)~ i + 1 

then F Um * i/5 is non-trivial. So tjp(-Fn M * ^<s) * s a cuspidal function by 
Theorem 11.101 

The quasi-Maass form Fji m , and its automorphic and cuspidal liftings 
play important roles in the approximate converse theorem. 

1.2. Approximate Converse Theorem. In this section we present 
an approximate converse theorem which measures how close a given 
set of irreducible admissible unramified unitary generic local represen- 
tations of GL(n) is to a global cuspidal representation. 

For a finite prime q and for 1 < j < [| J, let G q be a finite set of 



-2- 

matrices which generate the Hecke operator Tq' defined in Definition 
I2.19l by left translations. Let §(Tq ) be the number of elements in G q . 
For a subset V a HP, let 



7j'V:= (J {7^ I 2EF} 



7eG< j) 
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and 

(T g (i) )-V:= |J {zsW \~fzsV} . 

Theorem 1.13 (Approximate Converse Theorem). Let M be a set of 
places ofQ including oo properly and S ^ M be a finite subset including 
oo. Assume that ^(i^^, d-K P ) ^ /or some p e M and 7roo, 7r p e ITm- 

For < 5 < In f^±^ ^; =1 |4«,j + ^f^l)" 1 + A , there exists 
an unramified cuspidal representation tx of A x \GL(n,A) such that 
(1.14) 



d s (n, I1 M ) < sup 

zeB 2 



Fjim(z) - F nM (z 



4 I p 2(n 2 +l) _)_ p2(n 2 + l) 






Vol(5i) • (Aoo + A SMi tc) 



"p l*-7Too5 *-TpJ 



e 4(2™- 1 lnp+,5) e 4(2™-l Inp+S) 



where 



A r . 



la 



5L(n,K) 



(C£>-Ag>(4J)#*(<7)| da 



r o, 



.4 



.S.finite 



#1 



*/S={oo} , 



geS, j = l V 

V finite 



HP d n )-B s nr, 



!~J / ,.,\2 

g ) , otherwise, 



if S = oo, 






and 



H n — 5 n ) ny, otherwise, 

, r ; B s -r, *fs = {a,}, 

>:! rj£y - T, otherwise . 



Here g max = max (S - {oo}). 



Remark 1.15. (1) If the right hand side of ( f7T7j| ) zs sufficiently 
small for sufficiently large S, then by Remark 8 [4J, i/ie genuine 
cuspidal representation n can be uniquely determined. 
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(2) For an unramified cuspidal representation a = ®' v o~ v ofA x \GL(n, A), 

n 

define an analytic conductor C (a) := ] ] (1 + l^wl) a $ in 0]- 
Fix Q ^ 2. By [4|, for any unramified cuspidal representation 






V) < Q, there exists a prime p « log Q such 
is sufficiently large. 



There are two important ingredients in the proof of Theorem 11.131 
the annihilating operator t|™ and the spectral decomposition of 
L 2 (SL(n,7i)\H. n ). For a given set of local representations Hm, we can 
construct a cuspidal function explicitly, by applying t|" to the automor- 
phic lifting of a quasi-Maass form Fu M ■ The procedure is described in 
the previous section. Since the function is cuspidal, it is generated by 
Hecke-Maass forms for £X(n,Z). We can get ( J1.14]) by applying the 
Casimir operators and Hecke operators and compare the eigenvalues. 

One could try to generalize this theorem by relaxing the globally 
unramified condition. 

Another particular question attracts our attention. How close can 
a given positive real number get to a Laplace eigenvalue of an actual 
Maass form? The following is a sample case of Theorem 11.131 which 
can be regarded as an answer to this question. 

Theorem 1.16. Let M be a set of places of Q including oo properly. 
Assume that \\p(i noc i 4„) ^ for at least one prime p e M and TCro, tv p e 

Um- Then the Laplace eigenvalue A n (£ 7ro0 ) e C of Fn M satisfies the fol- 

-l 



lowing: for any < S < In 



n(n+6) 



2-1.7=1 



+ 



n-2j+l 



+ 1 



there exists an eigenvalue A of the Laplacian of a Maass form for 
SL(n, Z) such that 



|A-A n (4jr 



< sup 

ze$ n -B$ 



Fn* 



{*) 



FnJz) 



P 2(n- i +l) _|_ p2(n^ + l) 



n2" 



Vol (H n - £») • B 5 ) n# 




e 4(2«-l lnp+i5) 



C 5 • Vol(£*) + 2A n (£ 



^ IWj^^co,!)! 2 d*y 



"":»/ 
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where 



C s 



-05-Ms)) 2 dg 



-1 



We choose a "good" bump function H$ to prove this theorem. 

Recently, Booker and his student Bian computed the Laplace and 
Hecke eigenvalues for Maass forms on S'L(3,Z)\H[ 3 pQ, [2]. Moreover, 
Mezhericher presented an algorithm for evaluating a (quasi-) Maass 
form for >SL(3,Z) in his thesis (17j . We expect that we might use the 
approximate converse theorem to certify Bian's computations. 

Acknowledge. This paper came about through the suggestion of my 
thesis advisor, Dorian Goldfeld, and I would like to thank to him for his 
invaluable advice and continual encouragement in this project. Also I 
am indebted to Andrew Booker, Sug Woo Shin, Andreas Strombergsson 
and Akshay Venkatesh for helpful comments. 



2. Quasi-Maass forms and the Annihilating operator 

We review basic facts about the Hecke-Maass forms in the first two 
sections. The main reference is [5J. 

In the introduction, we define quasi-Maass forms corresponding to 
the given set of local representations. By applying the annihilating 
operator tj£, it is possible to write down a cuspidal function explicitly. 
We study about the quasi-Maass forms and the annihilating operator 
in Q 



2.1. Preliminaries. Let n ^ 2 be an integer. Let 
f /e ai \ 



A°(n, 



IV 



e a n j 



oi, . . . , a n e K, 

(ii + ■ ■ ■ + a n = 



then 



SL(n,R) 



a(n) = {a = (ai, . . . , a n ) e R n | a x + • • • + a n = 0} 

is isomorphic to the Lie algebra of A°(n, R). For each a = (ax, ... , a n ) e 
a(n), define 

/e ai \ 

expa= ■.. e A°(n,R). 

\ e an J 
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Let 



N(n, 



/ 1 Xi ; 2 Xi t s . . . X\, a \ 
1 X 2 ,3 ■ ■ ■ X2 n 



I \ 



1 X n — l,n 
1 



Xj j e R, for 1 < « < j < n 



Define the generalized upper half plane HP to be a set of matrices 
z = xy e SL(n, R) such that 



/l Xi, 2 Xi, 3 • • • Xi,„ \ 
1 X2,3 • • • ^2,n 



(2-1) 



and 

(2.2) 



;r 



1 X n —\^ n 

1 



e 7V(n,R) 



1/ a yi,---,y n -i 



>n-\ 

n 



n— ? 



/yi • • • Vn-l 



\ 



Vl ■ ■ ■ Vn-2 



e A°(n, 



V 



for yi, . . . , y n -i > 0. By the Iwasawa decomposition, any g e SL(n, R) 
can be written uniquely as (7 = x?/£ with x e N(n, 1), j/e A)( ra > R) an d 
£ e SO(n, R). So the generalized upper half plane HP can be identified 
with the quotient SL(n,R)/SO(n,R). 
Define Iwy(g) e a(n) to be 



(2.3) 



exp(Iw y (#)) = a wl) ... iWn _ 1 . 



Lemma 2.4. For any e SL(n,M.), let a yit „^ yn _ 1 = exp(Iwy(o)) for 
yi, . . . , y n -\ > 0. Then we have 



and 



-Ma) 



e- 2 ^) ^ yi <: e Ms) 



oMa) 



^ Vj ^e 4CT ^, (forj = 2,...,n-l). 
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Proof of Lemma \2.4\ By the Iwasawa decomposition and the polar de- 
composition, we have 



9 = 2&w = 6 



ft 



\ 



«i 



16, (^ w ,^,^eSO(n,R)), 



for (oi, . . . , a n ) 6 o(n), where 2 = xa 



"yi,...,y n -i 



z ■ z 



exp(Iwy (<?)). Then 

x ■ a 2 ,,, „ , - l x = k\ 



yu ...,y n _ 1 e HP for x e JV(n, 
\ 



and 



3 2ai 



yi,...,y n -l 



fcl 



e 2a n j 



g(n-j) 



e" 2 ^ < ^ < e 2 ^, 



Let 2/n = 11"=1 l/j " and 2/J = y'a-(yi--- Vn-j) for j = 1, 

Comparing the diagonal parts, we have 

(for j = l,...,ra) 

o~(g). Therefore we have 

e-^Uy'i-y'-^iyt-'-yn-jf^e^ 
for j = 1, . . . ,n — 1 . 



n 



since cr((7 



-i\ 



n 



Let o*(n) = {a = (cti, . . . , a n ) e W 1 \ a± + ■ ■ ■ + a n = 0} be the dual 
space of o(n) and a^(n) = o*(n) (x) K C. For a, a' e a(n) or a£(n), let 



= 2 



OijOLj . 



then (, ) is a (complex) symmetric bilinear form and it is positive defi- 
nite on a*{n). For a e o*(n), we put ||a|| = -\/{a, a). Let W n denote 
the Weyl group of (1R X n SL(n,M.))\SL(n,M), consisting of all n x n 
matrices in SX(n, Z) n SO(n,M) which have exactly one +1 in each 
row and column. The Weyl group W n acts on o(n) and a^(n) as a 
permutation group. 

Let gl(n, BL) be the Lie algebra of GL(n,~R) with the Lie bracket 
[,] given by [X,Y] = XY -YX for X,Y s gl(n,R). The universal 
enveloping algebra of gl(n,C) = gl(n,M) (x) R C can be realized as an 
algebra of differential operators Dx acting on smooth functions / : 
GL(n, R) — » C The action is given by 

8 



Dxf(g) := j t f(gexp(tX)) 



t=o 
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for X e g[(n,M) where exp(tX) = Xln=o J. ■ ^or -*- ^ *> 3 ^ n i 
let E'jj e g[(n, M) be the matrix with 1 at the (i,j)ih entry and 
elsewhere. Let Dij = Dei ■ for 1 < i, j < n. For j = 1, . . . , n — 1, we 

define Casimir operators C« given by 



(2-5) <#> = {H \ ^ 2 ' ' ' S A 1>fa ° A 2 ,3 o ■ ■ • o A J+1 ,n 



ii = l i,=l 



where o is the composition of differential operators. Let A n := — C„ be 
the Laplace operator. Let J? n be the center of the universal enveloping 

algebra of gi(n, K). It is well known that Z n s R dp,..., C^~ 1] . 

There is a standard procedure to construct simultaneous eigenfunc- 
tions of all differential operators of D e 2 n . For £ = (£i, . . . , £ n ) e 
Or(n), define 



/ • 



71—1 

n-1 S (4+2-^+i^ 



(2.6) ^):=n^r 

where exp (Iwy(g)) = a yi ,..., yn _ 1 for (7 e SX(n, M). Then c^ is a simul- 
taneous eigenfunction of Z n . For j = 1, . . . , n — 1, define A^ (£) e C to 
be the eigenvalue of C„ for ipi, such that 

(2.7) Cg><pt(g) = \$(£) • ^fo), (t e o£(n)) . 

Lemma 2.8. Let n ^ 2 and £ = (^i,...,^ n ) e aj(n). JTie Laplace 
eigenvalue is 

(2.9) A„(£) = -Ag>(*) = 2±I - ^^ + • • • + O • 

Proof of Lemma \2.8\ . For any y e A°(n,M.), consider A n <^(w). Then 

3Tj j 2 D ^ ° D ijVt{y) + 2 ( D ^' ° D ^ i + D ^ ° D ^ vi{y) \ 

I b = l ls=J<i5Cn J 



n m 



For any x e N(n,M.), we have (fe(yx) = <fi{y). So Djjipi(y) = for 
1 < i < j < n. For 1 < i < j < n, we have 

A,j ° -Dj',* + A,j ° A,j = 2 A,i ° Dj yi + D jtj - D^ . 
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Therefore 

1 { n 
An ^ (y) = ~ n(n-l) ) 2 tfjWiy) + S ^ - ^m)^) 

- -^ |i>L - (* - 2 ^' + i)^-)^(y) 

x ¥><(y)- 

D 

For £ e ttc(n), we define the spherical function of type £: 



(2.10) (3 e (g) := ^(&) ^ 

JSO(n,M.) 

for g e SL(n, M). Here d£ is the normalized Haar measrue d£ on 
SO(n,M). Then the spherical function fy satisfies the followings: 

• ft(£i<7&) = Pe(g) for any &, 6 e SO(n, R) 

• /^ is an eigenfunction of the Casimir operators C„ with an 
eigenvalue A» (£) for j = 1, . . . , n — 1 

• &(1) = 1 

We identify L 2 (5L(n, Z)\H n ) with the right 50(71, R)-invariant sub- 
space of L 2 (SL(n,1i)\SL(n,M.)). If fc is a bi-S'0(n,R)-invariant com- 
pactly supported smooth function on SL(n,M.), it gives rise to a con- 
volution operator / — > / * k on L 2 (SL(n, Z)\HP) given by 

/*%) = f f{gh- l )k{h)dh. 

JSL(n,R) 

More generally, one can consider convolution with compactly supported 
distributions instead of functions. In this case, the convolution operator 
is well defined only on suitable smooth functions /, for example on 
C°°(SL(n,Z)\H"). 

Let A; be a hi- SO (n, R)-invariant compactly supported smooth func- 
tion on SX(n, R). For any £ e oj(n), the spherical function fy is an 
eigenfunction of the corresponding convolution operator. The spherical 
transform k(£) s C is defined to be the corresponding eigenvalue: 

(2.11) (f3 e *k)(g) = k(£)-f3 e (g) 
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for g e SL(n,M). The inverse of the spherical transform is given ex- 
plicitly in terms of the Plancherel measure /Upi anc h on oj(n) by 



Kg) = [ 

Jia* 



(") 



k(a)p a (g) rf//pi an ch(a) (HDD- 



2.2. Automorphic functions. The group SL(n, Z) acts on HP dis- 
cretely. Fix a, 6 ^ 0. We define the Siegel set S a6 c HP to be the set 
of all matrices of the form 

/l ari,2 #1,3 ••• ^l.n \ 

1 X2,3 • • • ^2,n 



V 



-L •£«.— l,n 
1 



"3/l,...,3/„_l 



with |xjj| < 6 for 1 < i < j < n and yi > a for 1 < i < n — 1. Let 
The Sigel set E^, is a good approximation of a fundamental do- 

2 '2 

main: W 1 = U 7eS L(n,z) T E ^,f 

An automorphic function for SL(n, Z) is a function / : HP — » C 
such that fi'jz) = f(z) for any 7 e SL(n, Z) and 2 e HP. Consider 
L 2 (SL(n, Z)\HP) to be the space of automorphic functions / : HP — ► C 
satisfying 



J 

JSL(n. 



\f(z)\ 2 d*z < 00 



where tfz = <i*£ d*y is the left invariant GL(n, M)-measure on HT' 
Here 



n-l 



d*x= dxij, and d*y = I |y fc H " ^ 1 rf?/fc. 



-fc(n-fc)-l 

l^i<j^n fc=l 

For /1, /2 e L 2 (SL(n, Z)\HP), define the inner product 



(/i,/»>:= h(z)f 2 (z)d*z. 

JSL(n,Z)\W n 

Let i? be a commutative ring with identity 1. For positive integers 
n^2 and 1 < n l5 . . . , n r < n with rii + • • • + n r = n, define 



P, 



ni,...,n, 



[n,R):- 



A 



e SL(n, R) 



A r , 



AiE SL(m,R), 
1 < i < r 
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to be the standard parabolic subgroup of SL(n, R) associated to (n\, . . . , n r 
The integer r is termed the rank of the parabolic subgroup P ni ,...,n r ( n J R)- 
Define 



r Mi 



M„ 



(n,R):- 



\ 



Ai e SL(m,R), 1 < i < r 



to be the standard Levi subgroup of P ni ,...,n r ( n i R)- Define 

f (In, * \ 



AL 



(n,i?) := < 



IV 



6 SL(n, R) 



In r J 



where Ik is the k x k identity matrix for an integer k ^ 1, to be the 
unipotent radical of P ni ,...,n r (n, R). 

The automorphic function / for SL(n, Z) is cuspidal if 



I 



f(uz) d*u = 



(SL(n,Z)nJV ni ,...,„ T .(n,Z))\JV„ 1 ,...,„ r (n,] 



for any partition ni + • • • + n r = n and r^l. Let L^ (SL(n, Z)\H n ) 
denote the space of automorphic cuspidal functions in L 2 (SL(n, Z)\H n ). 
For each positive integer N ^ 1, define 

(2.12) 



G N := I 



(C\ Ci j2 
C 2 

I V 



C l,n\ 
C2,i 

C n ) 



C 1 ---C n = N, d,...,C n > 

< Qj < Ci (1 < i < j < n) 



> . 



Let / : H n — > C be a function. For each integer N ^ 1, we define a 
Hecke operator 



(2.13) 



T N f(z):=-^ J] ffrz). 



7eGjv 



Clearly 7\ is the identity operator. If / e L 2 (SL(n, Z)\H n ) then T N f e 
L 2 (SL(n, Z)\H n ). For n = 2, the Hecke operators are self-adjoint with 
respect to the inner product. For n ^ 3, the Hecke operator is no 
longer self-adjoint, but the adjoint operator is again a Hecke operator 
and the Hecke operator commutes with its adjoint, so it is a normal 
operator. 
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If a smooth function / e L cnsp (SL(n, Z)\HP) is a simultaneous eigen- 

function of Casimir operators Cn for j = 1, . . . , n — 1 and Hecke oper- 
ators T/v for any N ^ 1, then / is called a Hecke-Maass form. 

If / is a Hecke-Maass form, then there exists £cc{f) E <*c( n ) sucn that 

ci j) f = x { £(Uf))-f- 



For £ e a£(n) and e = +1, define 



(2.14) 



WAz-Le. 



JN(n,H 



<fe 



( 



\ 



( 



V 



(_1)L5J\ 



/ 



/l 



V 



Ml 2 ••• «i 



for j = 1, . . . ,n — 1. For any w 



1 «i, 2 ... Ml,„ ' 
1 ... U 2 , n 



n\ 



U2,n 



J 



J 



to be Jacquet's Whittaker function of type I. Then 



e iV(n,K.), we have 



Wj(uz;£,e) = e 2^(--«i.2+« 2 ,3+-+«n-i, n ) . Wj(z;e,e) 
for any z e H n . Moreover, 

\W{z-l,t)\ 2 d*z<oD. 



I 



E V3 1 



By (9.1.2) [6], every Hecke-Maass form / has a Fourier- Whittaker 
expansion of the form 

(2.15) 



ff\_ v^ v^ V V Afv^jj • • • ■> rn n-l) 

J\ Z ) - Zj Zj " ' Zj Zj i-rn-1 I I fe ("~ fc ) 

= 1 m n _2 = lm n _i#0 llfc=ll m fc| 2 



■yeN n -i\SL(n-l,Z) m\-- 

( (nix ■ ■ ■ \m n -i\ 



xWj 



\ 



mi 



\ 



\ 



V 



\ 



7 



A z;W), 



Wb-1 
|m n _i| 



where A^(mi, . . . , ra n _i) e C We assume that ^4/(1, . . . , 1) = 1. Then 
Tjyf = Af(N, 1, . . . , 1) • / for any integer N ^ 1 and Af(mi, . . . , m n _i) 
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satisfies the following (multiplicative) relation [6]: for (mi, . . . , m n _i) e 
Z n_1 , and an integer m ^ 1, we have 



(2.16) A f (m, l,...,l)A f (mi,. . . ,m„_i) 



S 



.4 



c 1 |m 1 ,...,c n _ 1 |m n _ 1 



??2iC n rrijCj-i 
f I ' • • • ' 



m n -iC n -2 

C n -1 



and here ci, . . . , c„ . > 0. Since Hecke operators are normal, we have 



A/(m n _i,...,rai) = A/ (mi, . . . ,m„_i). 
For any non-negative integers k%, . . . , fc n _i, let 
(2.17) 



&ki,...,k n -i {%l, ■ ■ ■ j 2-nJ • 



/cc 



.r 






;r 



,r 



felH hfcn-l+ra — 1 N 

n 

felH hfc n -2+«-2 



.r 



fci+i 
l 



X 



fcl+1 



„n-l 



Xi 

V i 



n-2 

■ L n 



X , 



1 / 



be a Schur polynomial. 

Since / is an eigenfunction of Hecke operators, there exist £ p (f) = 
(&p,i(f), • • • j &p,n(f)) E a c( n ) ^ or an y fi^te prime p, such that 

(2.18) A f (p k \ . . .,/"-) = ^.....^(p-^W, . . • ,p-^»W). 

Definition 2.19. Lei n ^f 2 be an integer and fix a prime p. For 
j = 1, . . . ,n — 1, define 



j-i 



T^:=Y,(-l)%^- 



•fc-i) 



fc=0 



,(i) 



where T^' = T p r for any integer r ^ and T p is an identity operator. 
By the multiplicative relations (J2.16J1 . we have 

T^f = A f (l 1 ...,l,p, !,...,!)•/, (forj = l,...,n-l) 
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for any prime p. Then 

X^(£ p (f)) = A f (l 1 _^l 1 p,l } ...,l) 

for j = 1, . . . ,n — 1 . 

Let n ^ 2 be an integer. If a Maass form / satisfies 

/ f-l)LfJ\ 



/(z) = f(z) :=f(w V 1 ) • «0 



then / is called a self-dual Maass form. 



1 



V 



2.3. Quasi-Maass forms and the annihilating operator. Let M 

be a set of places over Q including oo and Hm be a set of local represen- 
tations as given in the introduction. We construct a quasi-Maass form 
Fu M of n M on HP, which lies in the restricted tensor product of local 
representations n v e 11^ in Definition 11.51 Then for j = 1, . . . , n — 1, 

we have C#Vn M = A^(4J ' F Um and T, 0) F nM = \f% q ) ■ F Um . 

To define the automorphic lifting of quasi-Maass forms, we fix a 
fundamental domain for SL(n, Z)\HP. We define $ n to be the susbset 
of the Siegel set Svg i , which contains E x i , satisfying: 

2 ' 2 ' 2 

• for any z 6 HP, there exists 7 e SL(n, Z) such that 72; e $ n ; 

• for any z e #"■, 72; ^ y f° r an Y -^n . ^ 7 e SL(n, Z) where J n is 
the n x n identity matrix. 

Then ^ n becomes a fundamental domain for SL(n, Z). 

In Definition 11.71 we defined the automorphic lifting Fn M of a quasi- 
Maass form Fjj m with respect to the fixed fundamental domain $ n and 
F UM EL 2 (SL(n,Z)\U n ). 

We get a smooth automorphic lifting of a quasi-Maass form Fjj m 
defined via F\i M * k for any nonzero smooth compactly supported bi- 
SO(n, R)-invariant function k on SL(n, R). 

For 5 > 0, if a smooth compactly supported bi-S'0(n,R)-invariant 
function i^ satisfies the following conditions: 

• supp(#) c B s ; 

. if^) = Hsig- 1 ) for any 4 e SL{n,R) ; 

• # 5 (<7) > ; 

• W« H &(9) dg = 1 

then it is called the standard bump function. By Lemma 12.41 f° r z E 
E„4«, we have 



J e"i 



F Um * H s (z) = F Um * H s (z) = H 5 (e n J ■ F Ul 
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By the following lemma, it is always possible to choose S > such that 
Fn Af * H$ is non-trivial. 

Lemma 2.20. For any £ = (£i, ...,£ n )e a^(n) satisfying \Re(£j)\ < \, 
let 



(2.21) LB 5 (f) := 1 



n(n+6) r 

4 e~ — d 



n{n + 6) 



1) n 

■2 



+ 



n - 2j + 1 



for 5 > 0, where X n (£) is the eigenvalue of the Laplacian A n for tpt as 
in Lemma \2. 8\ . 

Choose 5 > such that LBs(£) > 0. Then 



H* 



> LB 5 (£). 



Proof of Lemma \2.2(K For £ s aj (n) , we have 



H s (£) 1 



;:: ! H s {g) \(p t (g)-l\ dg < sup \<pt(g) - 1| 

'SL(n,R) 9G-B* 



So, 



#A 



5s 1 - sup \<pt(g) - 1| 



For g e SL(n, R) we have exp(Iwy(<?)) = (yj, . . . ,j4) e a(n) and 
^(#) = e(^i(^ +2= t ±i ) ,bls i). For any a,b e R, we have e a+ib - 1 = 



+ ib) 11 x^- 1 dx. So 



\<pt{g) - 1| < 



s < 



i=i 



+ 



n-2j + 1 



•my' 



e S?_i(R«(^)+ 2 =¥ ±i )-to^ _ ! 



if SLi (Be(4) + 



ra-2j + l' 



lny' 7^ 0. Otherwise, 



|<MsO -1| < 



Sr 



, n-2j + l , , 



By Lemma [2 .4[ for g e L>s, we have 

—5 < In y^ < 5, (for any j = 1, . . . , n) . 

So, 



Si- 



: I 'hi?/, 






+ 



n - 2j + 1 
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S ( Re ^ 



+ 



n 



2j + l 



W 



< 






Re(£,) + 



n - 2j + 1 



Since lim 
t-*o 



e'-l 



1 and ^-^" i s increasing, we have 
1 



\<pt(g)-i\ < 



n(n + 6) c 

4 [e^i d 



n(n + 6) 




+ 



71 



^'2(2 +3 



2j + l 



D 



Take 



< 5 < In 



77.(77. + 6) 



'""00 J 



+ 



n - 2j + 1 



-1 



+ 1 



Since vr^ is irreducible admissible unramified unitary generic represen- 
tation of R*\GL(n,R), we have (Re^j)! < \ for j = 1, . . . ,n 0. 

So Hs{£iccx>) > 5 an( i -fn M * #$ is a non-trivial, smooth automorphic 
function on 5L(w, Z)\H n . 

In (II. 9p . we defined ^(^1,^2) fo r 4 5^2 e t^cl 77 -)- m tne following 
lemma, we apply a Paley- Wiener type theorem to t]™ and construct 
the annihilating operator tj™ explicitly as a polynomial in convolution 
operators and in Hecke operators. 

Lemma 2.22. Let n ^ 2 be an integer and fix a prime p. There exists 
an operator denoted t|" which is a polynomial in convolution operators 
(associated to some compactly supported bi-SO(n, M.) -distributions) and 
in Hecke operators at p, satisfying 

£/(*) = £(W),W)) ■/(*), (*eIF). 
Here f is a smooth function on M n which is an eigenfunction of Z n 
of type ioo(f) an d a l so an eigenfunction of Hecke operators at p, with 
eigenvalues as in A2.18\) for £ p (f). 

Remark 2.23. Before proving Lemma \2. 22\ we give an example oftf? 
for the cases n = 2 and n = 3. 

(i) For n = 2, we have 

-2 



7> + T; 



ZlpJ^, K T" 1 
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where C K is the convolution operator associated to the distribu- 
tion k such that k{£) = p £l + p l2 for any £ = (£ x , £ 2 ) e a£(2). This 
operator satisfies \& = K o K for the operator N constructed in $2, 

ms. 



(ii) Let n = 3. For j = 1,2,3, define the compactly supported bi- 
SO (3, R)- distributions k±j such that 

&(*) = -/Ci(^) 2 + 3«i(€), r^w = «i(£) 2 - 3«zi(€), 

«3$) = -«^)-«i(4 and /Ci(^) = -/C^)-/C^), 
/or anyl= (£i,4,4) ea£(3). T/jen 



+ ijij 2 ^ + (Tf) 2 £ K _ 2 + (if) 3 + r( 2 )£ K _ 3 . 



Proof of Lemma \2.22\ Let W n be the Weyl group of SL(n, R). For any 
tux, ^2 G Wn? we have 

and tip (^1,^2) is holomorphic in ^i,^ 2 e oj(n). 

For 1 < A; < [f J anc ^ 1 ^ r ^ dk(n) = k UnL k )\ , consider homogeneous 
degree k ■ r symmetric polynomials B r ^ in n variables, defined by 

l<jl<—<jk^n 

= 1 - B 1)k (a)x + ■■■ + (-l) r B rtk (a)x r + ■■■ + (-l)*( ft ) x dk{n) 

for any a = (a±, . . . , a n ) e a^(n). By [6], Hecke eigenvalues can be de- 
scribed in Schur polynomials in n variables, and they are a linear basis 
for the space of homogeneous symmetric polynomials in n variables. 
So B r ^{ot) is an eigenvalue of a linear combination of Hecke operators 
at p. 

By using an analogous of the Paley- Wiener theorem [10] for distri- 
butions, we show that there exist compactly supported bi-SO(n,M.)- 
invariant distributions whose spherical transform is B r ^ k (ct). 
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For 1 < k < [|J, define homogeneous symmetric polynomials a,j t k 
and bj ; k by 

(dfc(n) \ d k (n) 

2 5 r , fc (^)p-^i + - + ^) = J] avM-bjM 
r=0 / j'=0 

for £i = (^i,i, . . • , ^i, n )) ^2 = (^2,1, • • • ^2,n) e a c( n ) an d some positive 
integer dk(n). Then o^fe^i) is a polynomial in B r ^(li). By symmetry, 
bj,k{^2) is also a polynomial in B r ^{i.2). So, there exist compactly sup- 
ported bi-SO(n, R)-invariant distributions kS whose spherical trans- 
form is o^^i). For each 1 < & < [§ J and 1 < j < dfc(n), let £ <>) be 

the convolution operator associated to the distribution k, . 
Moreover, there exist Hecke operators S, such that 

sf ] f = MW)) • / 

where / is an eigenf unction of Hecke operators with parameter £ p (f) e 
a* c (n). 
Therefore 

(2.24) 
and 

^/=l^oo(/),W))-/ 

where / is an eigenfunction of Casimir operators and the Hecke oper- 
ators. □ 

Since we use distributions to define the annihilating operator tj™, the 
operator is well defined in the space of smooth functions. For 5 > 0, 
let Hs be a standard bump function and we define the operator \\pH$ 
to be 

)$H e f = %{f • H 8 ) 
for a function / : HP —*■ C which makes the integral convergent. Then 

ffisitiA) =\{h,h) ■ Hsiit), (for any l x ,l 2 e a* c (n)). 

By the Paley- Wiener Theorem [10] and Lemma f2.22[ the operator \\pHg 
is a polynomial in convolution operators (associated to bi-SO(n, R)- 
invariant, compactly supported smooth functions), and in Hecke oper- 
ators at the prime p. 



(d k (n) 
3=0 



i> - L S s j k £ 4 fc) 
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Lemma 2.25. Let M be a set of places over Q including go. Let Fu M 
be a quasi-Maass form for Hm o,nd Fn M be an automorphic lifting of 
i*n M . Assume that T > 4(2 n ~ 1 lnp + 8) for a given 5 > 0. Then for 

any z e E e T ; 

r p H 5 Fn M {z) = ?£(4 Q0 ,4J • Hs&J ■ Fn M (z) . 



Proof of Lemma \2.25l Let k be a compactly supported function with 
support in Bf, = {z e HP | a(z) < 6} for some b > 0. For t > e 4b , 
for any z e E t , assume that a{zh^ x ) ^ b for some h e SX^IR). 
Let exp(Iwy(^)) = a yu ^ yn _ 1 and exp (Iw y (/i)) = fl^ ,...,„„_!• Then, by 
Lemma I2.4[ for j = 1, . . . , n — 1, we have 



e -4& <; ^ <; e 46_ 



So, 



Vj ^y r e- ib ^t-e- Ab > 1. 



Then Fn M {h) = Fn M (h) because Si a £ n . So for 2: e Ej, we have 



For integers Ci , 
we have 



F nM (h)K{zh ) dh = K(a Q0 )-Fn M (z). 



z-B h 



(2.26) 



fcx 



\ 



Cl,2 
C 2 



c n ^ 1 and Cjj- ^ for 1 < i < j < n, and z e H n , 
• • • ci, „\ 



C2, 



Z — X • flc n _ 1 



-3/1. 



--71 / 



L 7l— 7 Ci 

-y ■),... ,— -y n -l 



Si,-*-!- So > if ^ > 1 for 1 < 



for x' e A/"(n, K) and exp(Iwy(z)) 

(Ci Ci,2 ••• Cl, n \ 
C2 ••• C2,n \ 
J 2 e Ei. 

As in (I2.24p . tj" is a polynomial in Hecke operators and convolution 
operators associated with compactly supported distributions Kj for 
k = 1, . . . , LfJ and j = 0, . . . , 



form 



s(*). 



fc!(n-fc)! ' Moreover, the spherical trans- 
« e fc! < n - fc ) ! np c for any £ e aj(n) and the implied 



constant depends on n and k. So, the operator \\pHs is a polynomial in 
Hecke operators and convolution operators associated with compactly 
supported functions which have support in B/, for b < 2 n_1 \np + 5, by 
Paley- Wiener's theorem [TO] . 
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Since Hecke operators are generated by left translations as in ( 12.261) . 

and the largest possible c n is p 2 " for t]™- Therefore, for any z e S e T 
for T > 4(2 n_1 hip + 5), we obtain 

r p H s F UM (z) = ?£(4 Q0 ,4J • H 5 (LJ ■ F nM (z) . 

□ 

So if t]p (4-oc, 4- p ) ^ 0, then ^ (-Frr M * #<s) (2) is non trivial for 5 satis- 
fying LB tf (4J > 0. By Theorem 001 we show that ^ (F nM * #5) (2) 

is a smooth cuspidal automorphic function on SL(n, Z)\H n . We prove 
Theorem 11.101 in the next section. 

Remark 2.27. By §2 in [8], we get the following explicit description 
of the fundamental domain # n . Let n ^ 2 be an integer and $ n be the 
closure of the fundamental domain $ n . 

(1) For n = 2, the closure of the fundamental domain $ n is the set of 
z = ( J f ) I y2 °i eH 2 for j,|/el and y > satisfying 

\ y 2 J 

x 2 + i/ 2 > 1 and Ixl ^ - . 
y l l 2 

^ For n > 2, the closure of the fundamental domain $ n is the set of 



( 



X\ 



\ 



In-l 

•En—1 

\0 ... 1 



Vi 



( 



V° 



y\z 




1/ 



(%) z' e $ n - x 



/ 



for x\, . . . , x n _i e IR and yi > satisfying the following conditions: 

e SL(n,Z), we have 
b n -i 
\cx . 



(ii) for any 



b n -l 
Cn-1 a J 



'n-1 



2 

n-l 



/<* 



[a+ciX!-\ \-c n -ix n -i) 2 +y 2 ( ]~~[ 

0=2 



n— 7 



(<* 



c n-l) Z 2; 



>i; 



\Cn-l, 



j_ J V2—Vn-\ 

where exp (Twy (V)) = ( fl?^ 2/?~' 



fmj |xj| < I /or j = 1, . . . ,n — 1 
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2.4. Proof of Theorem 11.101 As suggested in the Appendix [13], we 
prove Theorem 11.101 for the annihilating operator t]" - . 

Remark 2.28. Let t x = (4,i, • • • ,4,n), h = (4,i, ■ ■ ■ A«) E «£(")■ 
i?y definition, we have 

whenever (£ 1>i:l + • • • + £i ) i r ) + (£2,j 1 + • • • + ^2,>) = f or an V I ^ r ^ n. 
By [13] , it can be proved that the image of the annihilating operator t|" 
is cuspidal. Here we give an explicit proof. 

For 5 > 0, let H& be a standard bump function. Then the operator 

\\pHs can be defined for the functions in L 2 (HP) and \\*Hs(£i,£2) = 

?£(4,4) ■ H s {i x ) for any £ u £ 2 e a£(n). 

The Langlands spectral decomposition states that 

L 2 (SL(n, Z)\H n ) 

= LL t . (SL(n, Z)\HT) L r 2 csi . (5L(n, Z)\HP) L c 2 usp (SL(n, Z)\HP) 

where Z/ 2 usp denote the space of Maass forms, L 2 esi consists of iterated 
residues of Eisenstein series and L 2 ont is the space spanned by integrals 
of Eisenstein series. For any / e L 2 (SL(n, Z)\HP), there exists f CO nt. e 

Axmt.J /resi. e -^resi. an d /cusp e -^cusp SUCh that 

J\ z ) = /cont.(^) + Jvcsi\ z ) + Jcusp (#) ■ 

Our goal is to show that \\pH§f cont . = \\pHsfresi, — 0, therefore 
\\pHsf(z) = \\pHsf cusp (z). We should show that for any Eisenstein 
series E, \\2E = for any prime p. 

Review some facts on Eisensteins series on SL(n, Z)\HP [6]. Let 
n ^ 2 be an integer. For each partition n = n\ + ■ ■ ■ + n r with rank 
1 < r < n, we have the factorization 

P ni ,...,n r (n,R) = iV ni ,..., nr (n,M) • M ni ,.„ >nr (n,R) . 

It follows that for any (7 e P nij nr (n,lR), we have 

/m ni ((7) ... \ 



^eJV ni ,..., nr (n J R) 



m n2 (#) ... 



where xn ni (g) e SL(rii, M) for i = 1, . . . , r. 

Let n ^ 2 be an integer and fix a partition n = ni + • • • + n r with 
1 < m , . . . , n r < n. For each 2 = 1, . . . r, let fa be either a Maass 
form for SL(n i ,Z)\W ni of type £ rx >(4 > i) E Ccl 77 -*) or a constant with 
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M<W = (0, . . . , 0). For t = (t u . . . , t r ) e C with mh + ■■■ + n r t r = 0, 
define a function 

<p ni ,...,nr{- ;t;<fri,...,4> r ) : P nu ...,n r (n,R) ->• C 
by the formula 



V 



m ,...,n r (g;t;(j)i,...,(t) r ) := [[^Kfj))' |det(m ni (o))|' 



«=i 



for g e P nij ... )nr (n,lR). We can check that ¥>ni,...,n r (s , ;2; 0ij • • • > 0r 
V ? ni,...,n r (-2; i; 0i) • • • > </v) for 9 = z £, with 2 e H n and £ g SO(n, 
Define the Eisenstein series by the infinite series 



(2.29) E(z) = E ni _ nr (z;t;<p 1 ,...,(j) r ) 



7eP ni ,...,„ r (n,Z)nSL(n,Z)\SX(n,Z) 



<£„!,...,„,. (7Z; £j 01,..., 0r) 



for 2: e H n . Then the Eisenstein series E is an eigenfunction of Z n of 
type toc^E). The Eisenstein series is also an eigenfunction of Hecke op- 
erators with a parameter £ P (E) for any prime p, if <pi, . . . ,<p r are Hecke 
eigenfunctions. The Eisenstein series are not contained in L 2 (SL(n, Z)\H n ). 
but they generate the continuous and residual spectrum in L? (SL(n, Z)\HP) 

The following lemma shows that an Eisenstein series is controlled by 
few parameters for the archimedean. 

Lemma 2.30. Let n 5= 2 be an integer. Fix a partition n = n\ + - ■ - + n r 
with 1 < n-i, . . . , n r < n. For each i = 1, . . . , r, let <pi be either a Hecke- 
Maass form for SL(ni,Z)\W H of type £cc(<fii) e a^(ni) or a constant 
with ^oo(0«) = (0, . . • , 0). Let t = (t l7 . . . , n r ) e C r with n\t\ + ■ ■ ■ + 
n r t r = 0. Let E(z) := i? ni) nr (z; t; <pi, . . . , <p r ) be an Eisenstein series 
A2.29\) . Let r\\ = and rji = n% + • • • + rij_i for % = 2, . . . , r. T/ien /or 
i = 1, . . . , r and rji + 1 < j < r/j + n i? we /iai>e 



j-% 



(2.31) t,,(£) = (-1) 5 ( !!i y^ +U + th) + iv,j- 

0, lfv = CD- 



where S - x , 

1, IJ V < CO . 

Proof of Lemma \2. 3 (A By Proposition 10.9.1 [6], the Eisenstein series 
E(z) is an eigenfunction of Casimir operators of type i^E). 

For an integer N ^ 1, let A^.(N) s C be the Hecke eigenvalue of Tn 
for (pi for i = 1, ... ,r. Then by Proposition 10.9.3 [6], the Eisenstein 
series #(2) is an eigenfunction of the Hecke operators T p k (for any k ^ 
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and prime p) with eigenvalues 
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ki~\ \-k r = k, j — 1 



■P 



kj(^-+tj+rij] 



By using the multiplicative relations f 1 2 . 1 6 [) . we get the formula ( 12.31 j) . 

D 

By the lemma above, for any Eisenstein series E, we have 

^(UE),£ p (E))=0 

for any prime p. So \\™E = for any prime p. Moreover, for any 
constant C e C, we have \\™C = for any prime p. Since the invariant 
integral operators and Hecke operators preserve the space of cuspidal 
functions, we have \\ p Hsf = \\pH$f cusp . Therefore the image of \\ p Hs on 
L 2 (SL(n, Z)\H n ) is cuspidal. 

Assume that / is a self-dual Hecke-Maass form for SL{n, Z). By 
definition, we get #»(/) = ~^oo(/) and £ p (f) = -£ p (f) for any prime p, 
up to permutation. So \\p(£ca(f),£p(f)) = and \\*f = for any prime 
p. Therefore the image of \\pHs on L 2 (SX(n,Z)\IHI n ) is generated by 
non self-dual Hecke-Maass forms. 

We already show that the image of \]pHs on L 2 (SL(n, Z)\HI n ) is non- 
trivial in Lemma 12.251 So it remains to prove that the image is infinite 
dimensional. 

Take a x = (aoo,i, • • • , aoo,n), " P = (a Pl i, • • • , Oi p>n ) e oj(n) such that 
\\ p (a x , a p ) ¥= 0. Assume that Re(a„j) = for 1 < j < n, for v = oo, p. 



Take < 5 < In 



n(n+6) 



v~tn 

2j 7 =i 



+ n 2j+l I I + 1 I , then we have 



■flrffcKo 



> ± by Lemma EZH 



As in Definition II .5[ we construct a quasi-Maass form F for {ctoo, ck p } 
such that 

V< V V A F [p kl , . . . , p^- 1 ) 



F ' z) 



>yeN(n-l,Z)\SL(n-l,Z.) e=±l fei,...,fc rt _ 1 >0 P 



|S"=i^(n-i)i 



/ 



x Wj 



(p 



felH hfcn 



P 



fclH hfen-2 



vv 



\ 



V 



7 



z; a, 



) «0O) ' 



where A F (p fcl , . . . j^™- 1 ) = S , fcl) ... ifcn _ 1 (p "p* 1 , . . . ,p ap ' n ). Then 
£#*F(z) = %(a x , a p ) ■ Hsiao,) ■ F(z) 
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for z e U n . 

Let F be the automorphic lifting of F as Definition 11.71 Then 
\\pH$F e L^ (SL(n, Z)\M n ) is smooth and cuspidal as we show above. 
By Lemma [2.251 \\pH$F is non-trivial since Hs(a x ) ■ ^(a^ap) ^ 0. 

Assume that the space of the image of tftHg on L 2 (SL(n, Z)\H n ) is 
finite dimensional. Let 



ip 



n U := \uj, a Hecke-Maass form of type jij e aj(n) 



and ||wj||| = 



This finite set \$U is not empty and it is an orthonormal basis of the 
image of \\pH$ on L 2 (SL(n, Z)\H n ). Let B be the number of elements 
of \\pU. Then t|"W = {wi, . . . , Ub} and there exist c\, . . . , cb e C such 
that 

B 

(2.32) |;e { %) = 5; % .(4 

Here Cj ^ for at least one j = 1, . . . , B. Assume that c\ i^ 0. 
Let T > 4(2 n_1 lnp + 8). For any z e £ e r, we have 

B 

(C« - A«( aoo )) t&ff,i?(*) = ^ q, (C« - Ag(a w )) u 3 (z) = 

i=i 

for any i = 1, . . . , n — 1. Since 5 is a finite positive integer, it is possible 
to assume that a^ ¥= fij (up to permutations) for any j = 1, . . . , B. 
Then there exists i = 1, . . . , n — 1 such that 

AgOuO-AgKo)^. 

So there exists c' 2 , . . . , c' B e C such that 

B 

Mz) = J] c 'j- u j( z ) 

i=2 

for z e S e T. So in a similar manner, we deduce that there exists 
1 < j < B such that 

Uj(z) = 

for z e S e r. This gives a contradiction. 

Therefore [\1U should be an infinite set. It follows that the image of 
\\pHg on L 2 (SL(n, Z)\HP) is infinite dimensional. 
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3. Proof 

3.1. Proof of Theorem I1.13L Let M be a set of places over Q 
including go. For a given set of local representations ITm, we con- 
struct the quasi-Maass form Fjj m (z) for Um and its automorphic lift- 
ing Fn M (z) with respect to the fixed fundamental domain $ n as in 
Definition 11.51 and Definition 11.71 respectively. For each local repre- 
sentation tc v e Um, we have the Satake (or Langlands) parameter 
4, = (4„,i,- • • ,£n v ,n) e dc( n ) as in ([HID- % Lemma E20l for a 



given 5, the standard bump function H$ satisfies Hg^^) > ~. By 
Theorem I1.10I 

r p H 5 F nM = \\; (f Hm * H 8 ) e L c 2 usp (SL(n, Z)\H») 

and \\pH s Fn M is non-trivial since t]g(4 oo,4 p ) • Hs{t^) ¥= 0. 

The key idea to prove Theorem II. 131 is applying the following lemma 
to the cuspidal function tf£HsFn M (z). This lemma is a generalization 
of Lemma 1 [3] . 

Lemma 3.1. Let n ^ 2 be an integer. Let M be a set of places of 
Q including go and Um be a set of local representations as in the in- 
troduction. Let S a M be a finite subset including go. If there exists 
a non-zero smooth function f e L 2 (SL(n, Z)\H n ) ; which is cuspidal, 
such that 
(3.2) 

Ell(C„ w -Ag)(£ ir J)/||i + J] 2||(TW-AW(4,))/IG < Hi/Ill 

j = l 9ES, j = l 

finite 

/or 7r„ e ITjVff, /or some e > 0, then there exists an unramified cuspidal 
automorphic representation a ofA x \GL(n,A) such that ds(a,U.M) < £■ 

Proof of Lemma \3. 11 By the spectral decomposition, the space L 2 {SL(n, Z)\H n ) 
is spanned by Hecke-Maass forms Ui(z) with \\ui\\\ = 1 for i = 1, 2, . . .. 
For each Ui, there exists an unramified cuspidal automorphic represen- 
tation o~i of A x \GL(n, A) such that Uj is the Hecke-Maass form for o~j. 
Then, for any / e L 2 cusp (SL(n, Z)\H n ), we have 



f( z ) =lj(fi u i} - u i( z ) ■ 

For e > 0, let 

U e (U M ) ■= {^ | d s (o-i,U M ) < e} 
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and define 

PtJ(z) := J] (/, m) ■ Ui{z) e L c 2 usp (SL(n, Z)\W) . 

Assume that / is smooth and satisfies (j3.2p . Then 

HPrJ||i = II/H3- 2 l(/,^)l 2 

2 



Si MM!,, 



n-1 

1 2 



i=l I j=l ge-S 1 , j=l 

V finite 

j=l geS, j = l 

V finite 

>0. 
Therefore U e (U M ) ? 0. □ 

We are going to construct a formula for e satisfying 
i i n ~i 



l#^n 



SIK^-a^^j)^^ 



Ml 12 \j-\ 



2 J 



+ 2 SlK T i J) - A ?(^))^^n 



A/112 ' < e - 



qeS, j = l 

finite 



Then by Lemma [37TI there exists an unramified cuspidal representation 
7r such that ds{n, Hm) < e- 

The following lemma gives the lower bound for H-ffjtlp-PnM Hi- 
Lemma 3.3. Let n ^ 2 be an integer. For a cuspidal function f e 
L? (SL(n, Z)\W n ), for (mi, ... , m„_i) 6 Z n , let 

Wf(z;m 1 ,...,m n -2,rn n -i) 

._ | f(uz) ^ _27ri ( m l U «-l,« H K"n-2«2,3+'nn-l'*l,2) J*,, 

(iV(n,R)nS£(n,Z))\iV(n,R) 
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1 Ml, 2 ••• «l,n 



31 



where u 
we have 

WfWl > 



1 «n-l,n 
1 



e N(n,R), for z e 1". Then, for T ^ 1, 



00 r-oo 



mi=l m n _2 = lm n _i#0 JT J3 



\Wf(y;m 1 , . . . ,m n ^ 2 ,m n ^ 1 )\ 2 d*y 



where y = o^,,..^ e A°(n, M). 



Proof of Lemma \3. 31 We follow the argument in §5.3, |6J. For j 
1, . . . , n — 1, let 



/ 



u n-j+l 



Ul t n-j + l 
Un—j,n—j+l 



Vjxn-j 



I; 



\ 



6 iV(n,: 



/ 



where "Ui, n -j+i, ■ ■ • , Un-j,n-j+i e ^ ^a is the a x a identity matrix and 
aX 6 is an a x b matrix with for every entry. 

(1 11,2 ••• Xl,n \ 
: e N(n,M.) and y = 

a yi,...,y n -i E A)( n ) K)- Fi x J = 1) • • • j n ~ !• For mi, . . . , rrij e Z, define 
£(2; mi, • • • , rrij) := • • • / (w n • w n _i • • • w n _ i+ i • z) 

JZ\M Jz\M 

where d*u n -j + \ = YYk=i ^ u k,n-j+x- Then for j = n — 1, we have 

/»-i(;s;mi,...,m n _i) = W/(z;mi, . . . ,m n _i). 

Let /o(2) := /(z) with 2; e H n . By the proof of Theorem 5.3.2, [6], we 
can prove the followings. 

• For j = 1, . . . , n — 1, we have 
f j (z;m 1 ,...,m j ) 

I ••• f j - 1 (u n _ j+1 z;m 1 ,...,m j _ 1 )e- 27Tim i u "-^-i+ 1 d*u n _ j+1 . 

JZ\R JZ\R 
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:!2 



Fix j = 1, . . . , n — 2. For positive integers mi, ... , rrij-i, we 
have 



/ H (z;mi,...,m H ) 

oo 
m J - = l 7 „_ j6 P„_ :7 -_i,i(Z)\5L(n-j,Z) 



7n-J 



z;mi,..., mj-i,m,j 



• For positive integers mi, ... , m„_ 2 , we have 

f n -2{z]m 1 ,...,m n - 2 ) = Yj fn-i{z;m 1 ,...,m n - 2 ,m n - 1 ) 

= Z_i Wf(z;m 1 ,...,m n - 2 ,m n - 1 ) 

Since the Siegel set E x i c # n , 






oo /*oo 



|/(.)| 2 d**. 



Then 



oo r<x> 



1 Jl 



l/WI 2 <Tz 



i 

2 

I oo 

2 



2 mi=l Tn _ieP„_ 2 ,i(Z)\5L(n-l,Z) 



27rimi(7„_i i i2:i in + ---7 n _i in _ia; n _i in ) 



x/i 



7n-l 



•yi 



i/i ^ 



mi 



V° ••• o V 



d*2, 



where 7„_i = ( ) e P n _2 i(Z)\SX(n — 1,Z). Here 2' e 

\7n-l,l ■■■ 7n-l,n-l / ' 

H n_1 . For a positive integer mi and 7„_i = ( ) e 

\7n-l,l ••• 7n-l,n-l / 
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P n -2,i(Z)\5L(n - 1,Z), it follows that 
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n-1 



/We 



27rimi(7„_i,ia;i, n + ---7 r , 



-l,n-ia!n-l,n) FT ^ 



fc = l 



/ 



h 



ln-1 



■Vl 



/ o\\ 

yiz' ■ 
o 
Vo ... o 1JJ 



So, 



rnv-fi 1 ^ 12 ^ 



00 roo roo 



> 



s 



1 1 



/ 



h 



( 



iii 



V 



o\ 



2/i^ 



\ 



mi 



V° ••• ° V 



/ 



Y\ dxij d*y. 

l^i<jKn— 1 



After continuing this process inductively for n — 1 steps, we finally 
obtain 



|/H3> £••• S 2 



mi=l m n _2 = lm n _i#0 



oo /*oo 



1 Jl 



|W / (?/;mi,...,m n _ 2 ,m n _ 1 )| 2 d*y 



D 



Let T > 4(2 n-1 ]np + 5). By Lemma EJ25J for any z e E e T i c= # n , 
we have 

^Fn M W = H s (l„J •?;(4 0C ,4 P ) ■ Fn M W . 
Then for z e S oT i , we get 



Vam^' 1 ''"' 1 ' 



#*(4J • fcC^AJ ' W>(y; 4., l)e 2 *— 



+^n-2,n-H 1-0:1,2) 



Therefore by Lemma [3.31 we have 



1-H^^p^IlAf || 2 > ~ 



1 ~ n 2 

4p l^TcO ' ^Tp 



00 /*oo 



IW^j/;^,!)! 2 cTj/ 



for y = a yit ^ Vn ^ 1 e A°( 



n. 
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Lemma 3.4. Let n ^ 2 be an integer and p be a prime. Then 
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(3.5) 



KfWl^ [p 2^ny + p^T?ny 



ra2" 



for any smooth function f e L 2 (SL(n, Z)\H n ) . 

Proof. Since tj™ annihilates the continuous part, we should focus on the 
cuspidal functions. For any smooth cuspidal function /ei 2 (SL(n, Z)\W 
we have f(z) = XhLi (fi u j) u j( z )y where Uj(z) are Hecke-Maass forms 
for SL(n,Z) and ||%||| = 1. So 

3 

For each j > 1, let t\ := 4o(«j) and £ 2 := ^ P (%)- By [TJ] and [15] , 
we have |Fte(£i^) | , |Re(^2,i)| ^ \ — -^i for z = 1, . . . ,n. Then for any 
1 < ji < • • • < jk and 1 < i\ < ■ ■ ■ < z& for 1 < A; < [^J, we have 



P 2 — p 2 



-fc- 



^ P 2(n a +l) -|_r) '2(n 2 + l) 



So, by (II. 9ft . we have 



fc=i 



„ 91. "! 

n'-l n 2 -l \ ZK fc!(n-fc)! 



p(4,4)| < [ [ [p ^ 3 + Ty +p^+v 



2 , \ n2 r ' 

n — 1 



^ P 2(r^+l) -f pV+1) 



D 



Lemma 3.6. Let n ^ 2 be an integer. For 5 > let Hs be the standard 
bump function. For any £ = (£1, . . . ,£ n ) e Cic(n) with |Re(^)| < \, we 
have 



H s (£) 



n(rc + 6) 

< e 4 < 



Proof of Lemma \3. 6\ For £ e a£(ra), we have 



#*(*) 



#K#) • ¥>/(#) ^ 



SL(n,} 



< sup |^(5)l 



since H$(g) ^ and ^ B H$(g) dg = 1. As in the proof of Lemma 12. 20| 
we have 

M#)| <e * *, 

for any (7 e B5. D 

The following lemma finally gives (11.141) . 
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Lemma 3.7. Let A m , As,&mte, -Bi and B 2 be as in Theorem ! 1.131 Then 
we have 



n-l 



H 



2 II {C® - A£)(4J) K H ^m\\1 + 2 2 II P?> - A^)(4J) ^F n 



2 
Ml 12 



J' = l 



finite 



< sup 

2S_B 2 



^n M (^)-^n M (^ 



n 2 -l 



2 \ "2" 



X J) 2(n-* + l) _|_ p2(n^ + l) 



Vol (Si) -(AooH- ^finite)- 



Proof of Lemma \3.1\ Since the operator tj™ commutes with the invari- 
ant differential operators Cn and Hecke operators T g for j = 1, . . . , n— 
1, we have 

n-l LfJ 

2 || (C<p - A^(4J) ^MiJI^ +2211 (rW - Af (4J) ^Fn 



2 
M 1 1 2 



j=l 



9ES, j, = 1 
finite 



ii^-l n.^-1 



< I p 2(n 2 + l) _|_ 02(^+1) 






n— 1 



x 2 II ( C n ] - Ag } (4j) Fn M * ff,||* + 2 2 II C 7 ? - \ 0) (^)) ^m * H 5 \\l 

j=l geS, 3=1 

V finite 



by Lemma [3.41 

Consider the case when v = oo. Since (C„ — A« (■£„■„) ) F nM * Hs = 
0, it follows that 



(C£> - A^4J) Fn M *#, 



S\\2 



Fn M -Fu M )*(C^-\%\^))H { 



5\h- 



So, 



Fn M -F UM )*({cP-\$(l«J)H 5 ) 



j 



;:; ] sup 
< sup 

Z».b s -3» 



(f Um - F nM ) (zg- 1 ) * • ( f | ((#> _ A^(4J) #(<7)| cfe ) <Tz 

V 7 \J,SX(n,R) 



^n A/ - ^n A/ 



vol ( i hi- - r ) ■ b 5 n r 

2 



/SL(n,R) 
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:S(» 



Consider the case when v = q < go and q e S. Since the Hecke 
operators commute with the convolution operator, we have 



(T^~\?(£J)(F UM *H 5 )\\j^e^ 



{T^-\f{^ q ))F n 



2 

M 112 



M 



(J) I 



by Lemma[3JU Since T^'F Um = X ( q J ' (£ nq ) ■ F Um and F Um (z)-F Um (z 
for zef", we have 

\\(T q U) -\%\£. q ))Fn 



2 
M 112 



(z) 



< 



sup 



^n M - F Um 



• vol (V^r 1 (e n - r) n r) • (tfT ? a) ) 2 . 



n 



3.2. Proof of Theorem 11.161 For 5 > 0, let Cs be as in Theorem 
[THand 



(3.8) 



#,(,?) :=<> Q-e M*-M 9 ))^ if *(<?)< <5 

0, otherwise 



for g e SL(n,M). Then i^ is a standard bump function. 

For j = l,...,n, let Dj = Djj. For g = £iexp(a)£2 for ^1,^2 e 
50(2, R) and a = (a±, . . . , a n ) e a(n) with a,i > ■ ■ ■ > a n , by Theorem 
4.1, VII, U in [TJ, we have 



A n H s {g) = A n H s (expa) 



1 fe 1 

, J ? 2 + 7 \ *— ' 



■sni II^ISa-^. 



+ Yj coth(aj - a,j) (A ~ Dj) > H s (exp a). 



So we have 



|A n # 5 (expa)| ^ -^-— — ^C 5 



for # 6 5 5 . 



Therefore 



| |(A n -Aoo(7roo))#5(<?)| dg 

JSL(n,R) 

< f \A n H s (g)\ dg+ f |A n (4oo)^(^)l dg 

JSL(nM) JSL(nX) 



)SL(n,R) JSL(n,H 

(3.9) < l J 4 J ^ • Vol(£,) + |A n (4.J| • 

By applying (13. 9p to Theorem 11.131 we prove Theorem 11.161 
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